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 A B S T R A C T 

The piston-cylinder is the main component of the transmission of energy in 
the vehicle's engine, but it represents a significant source of unavoidable 
friction, which negatively affects engine performance by reducing piston 
lifespan and increasing fuel consumption. To determine the effect of 
lubrication performance and asperity contact on the tribological 
characteristics, mainly on the friction generated by asperity sliding 
contact, a numerical model of a real piston cylinder operating in mixed 
lubrication was developed. The mixed lubrication analysis shows the 
necessity to take into account the elasticity of the piston skirt-cylinder as 
well as for cavitation to ensure the consistency of the results. The sliding 
friction, resulting from the Johnson contact model, is developed, with a new 
approach, according to the Bowden-Tabor friction model. An experimental 
method is employed to determine the coefficient of the sliding friction. The 
results show that the tribological characteristics—contact pressure, sliding 
contact friction, energy loss, and the coefficient of sliding contact friction—
are influenced by the waviness of the contact surface. When the amplitude 
of the asperities increases from 12 to 16 𝜇m, the coefficient of the sliding 
friction and the corresponding contact energy loss increase from 0.128 to 
0.16 and from 0.054 J to 1.126 J, respectively, representing 25% to 78% of 
the total energy loss. 
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1. INTRODUCTION  
 
Friction in the piston-cylinder system plays an 
important role in engine efficiency and 
constitutes 20-40% of the total friction in the 
engine [1-3]. Friction is related to energy loss 
and therefore to fuel consumption, with about 
33% of the fuel energy being used to overcome 

friction in the engine, and about 45% of this 
energy occurs in the piston unit, including the 
piston skirt [4,5]. The lost fuel consumption, in 
addition to having a significant impact on 
economic reliability, contributes even more 
through two types of emissions: harmful gases 
that increase air pollution and thus affect human 
health [6] and greenhouse gases that cause 
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global warming, leading to negative impacts on 
the earth’s climate [7,8]. It is therefore necessary 
to develop a realistic model of piston behavior 
under the most severe operating condition—
mixed lubrication—in order to better 
understand and then to provide appropriate 
solutions for reducing friction at the piston-
cylinder interface. The problem has been the 
subject of several studies and continues to be an 
active area of  research today.  
 
Early works on the skirt lubrication in mixed 
lubrication, considering rough surface [9,10], 
began in the 1980s with the works of Zhu et al. 
[11,12], which constitute a basic reference. The 
developed model is based on the average 
Reynolds equation presented by Patir and Cheng 
[13] for the mixed lubrication and Li et al. [14] 
for the dynamic equations. The contact friction 
force is calculated using the asperity contact 
model derived by Johnson [15]. However, in this 
basic study, cavitation, which has an important 
effect on the results, was not taken into account. 
 
It was not until around 2012 that a few models 
on mixed lubrication for analyzing piston skirt 
cylinder contact were developed. Jin et al. [16] 
presented a numerical analysis of piston slap 
modeled as a lateral contact by a function 
implemented in ABAQUS software, in which a 
condition limiting the maximum slap is included 
in the contact slap. Ning et al. [17] conducting a 
theoretical analysis of piston skirts in mixed 
lubrication, examining the shear-thinning effect 
of multigrade lubricants on the friction. Sun et 
al. [18] analyzed lubrication performance by 
comparing the piston skirt–cylinder liner 
frictional pair in flooded status with the actual 
lubricant transport occurring during the 
piston’s upstroke. The friction pair is performed 
by the viscous friction force of the oil film and 
the contact friction force of the rough surfaces, 
according to the asperity contact model 
developed by Greenwood and Trip [19]. Meng et 
al. [20] developed a mixed-lubrication model for 
the piston skirt by considering the break-in 
period and its effect on the tribological 
characteristics. The contact model uses the 
wave asperities with a trapezoidal shape 
resulting from wear of the original triangle 
shape. The corresponding averaged Reynolds 
equation is expressed using a new set of the 
lubricant flow factors for both the original and 
the worn waviness asperity.  

More recently, Liu et al. [21] established a 
dynamic friction model in which they analyzed 
the effect of ring and cylinder liner on average 
friction using experimental Box-Behnken 
response surface methodology. In the above 
studies, the authors considered only the effect of 
the skirt profile without accounting for piston 
and cylinder deformation or cavitation. To 
analyze cylinder liner vibration using Multibody 
Dynamics Physical Field applied to the crank, 
connecting rod, and piston–cylinder system, 
Zhao et al. [22] incorporated mixed lubrication, 
introducing asperity-contact friction as external 
forces in the multibody dynamic equations. In 
calculating the contact friction force, the authors 
state that the friction coefficient is determined 
experimentally, but they provide no information 
regarding how it was obtained. 
 
Addressing the behavior of the piston–cylinder 
system with respect to the issues discussed 
above depends mainly on how to understand 
and develop a realistic model of the piston-
cylinder behavior. The aim is to evaluate the 
effect of surface waviness on the tribological 
characteristics, mainly sliding contact friction, in 
order to improve piston–cylinder design. To 
achieve this objective, the following approaches 
are adopted in the present work. A numerical 
method is developed to determine how the 
piston begins to operate in the mixed lubrication 
regime for a given waviness asperity and engine 
speed. The sliding contact friction, resulting 
from the Johnson contact model, is formulated 
according to Bowden-Tabor friction theory [23] 
for a given asperity amplitude. An experimental 
method is used to determine the coefficient of 
sliding friction of the piston-cylinder for a given 
surface of a known waviness amplitude. 
 
An application is carried out on a real case of a 
piston-cylinder system of a V8 air-cooled diesel 
engine type F8L413 mounted on the TB 230 
heavy truck of the DVP Company in Algeria. 
 
 
2. FORMULATION 

 
2.1 Basic governing equations  

 
The movement of the piston in the cylinder 
consists of a main axial movement, with amplitude 
equal to half the crankshaft stroke, that produces 
the engine’s work output, and a secondary 
movement with an amplitude on the order of the 
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piston-cylinder clearance, caused by the imbalance 
of forces and moments about the wrist-pin off-set. 
The secondary movement is described by the top 
and bottom skirt eccentricity, respectively et(t) 
and eb(t), with amplitudes less than the radial 
clearance, resulting from the lateral displacement 
of the piston and its rotation around the wrist-pin 
offset. The different interactions of the piston-
cylinder in mixed lubrication are represented in 
the model shown in Figure 1a. 
 

 
(a) 

 
(b) 

 
(c) 

Fig. 1. Schematic representation of the piston-cylinder in 
mixed lubrication (a) schematic diagram of the piston-
cylinder block movement, (b) lubrication domain Ωh in 
circumferential direction, (c) force analysis diagram. 

The piston model is formulated using the following 
three equations: two dynamic equations for the 
piston eccentricities 𝑒𝑡(𝑡) and 𝑒𝑏(𝑡), and the 
universal average Reynolds equation for pressure 
𝑝ℎ (𝑥, 𝑦) in mixed lubrication [11-13,24], including 
the effect of cavitation [25]. 

[𝑚𝑝𝑖𝑠𝑡 (1 −
𝑏

𝐿
) + 𝑚𝑝𝑖𝑛 (1 −

𝑎

𝐿
)] 𝑒̈𝑡

+ [𝑚𝑝𝑖𝑠𝑡

𝑏

𝐿
+ 𝑚𝑝𝑖𝑛

𝑎

𝐿
] 𝑒̈𝑏

= 𝐹ℎ + 𝐹𝑐

+ (𝐹𝐺 + 𝐹̄𝐼𝑃 + 𝐹̅𝐼𝐶 + 𝐹𝑓)𝑡𝑎𝑛𝜙 

(1) 

[
𝐼𝑝𝑖𝑠𝑡

𝐿
+ 𝑚𝑝𝑖𝑠𝑡(𝑎 − 𝑏) (1 −

𝑏

𝐿
)] 𝑒̈𝑡

− [
𝐼𝑝𝑖𝑠𝑡

𝐿
+ 𝑚𝑝𝑖𝑠𝑡(𝑎 − 𝑏) (

𝑏

𝐿
)] 𝑒̈𝑏

= 𝑀ℎ + 𝑀𝑐 + 𝐹𝐺𝐶𝑃 − 𝐹̄𝐼𝐶𝐶𝑔

+ 𝑀𝑓 

(2) 

[
𝐼𝑝𝑖𝑠𝑡

𝐿
+ 𝑚𝑝𝑖𝑠𝑡(𝑎 − 𝑏) (1 −

𝑏

𝐿
)] 𝑒̈𝑡

− [
𝐼𝑝𝑖𝑠𝑡

𝐿
+ 𝑚𝑝𝑖𝑠𝑡(𝑎 − 𝑏) (

𝑏

𝐿
)] 𝑒̈𝑏

= 𝑀ℎ + 𝑀𝑐 + 𝐹𝐺𝐶𝑃 − 𝐹̄𝐼𝐶𝐶𝑔

+ 𝑀𝑓 

(3a) 

Where F is a switch function and D is the universal 
variable accounting for the cavitation, defined as: 

𝐷 = 𝑝ℎ  F=1 in the active zone (3b) 

𝐷 = ℎ∗ − ℎ, 

ℎ∗ = ℎ
𝜌𝑐

𝜌𝑓
 F=0 in the cavitation zone (3c) 

ℎ∗ is the filling ratio or the equivalent film 
thickness.  
 

The boundary conditions for the universal 
average Reynolds equation are, respectively, the 
pressure symmetry condition, the pressure 
boundary condition in the circumferential 
direction, the pressure boundary conditions at 
the upper and the lower ends of the piston skirt, 
and the pressure boundary cavitation.  

𝜕𝑝ℎ

𝜕
|

𝜃=0
=

𝜕𝑝ℎ

𝜕𝑦
|

𝜃=𝜋

= 0 

(3d) 
𝑝ℎ = 0 𝜃1 < 𝜃 < 𝜃2 

𝑝ℎ(𝜃, 0) = 𝑝ℎ(𝜃, 𝐿) = 0 

𝑝 = 𝑝𝑐𝑎𝑣,
𝜕𝑝

𝜕𝑛
|

(𝑥,𝑦)=(𝑥𝑟,𝑦𝑟)
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The full film thickness h is defined by: 

h (𝜃, y, t) = 𝑐 + 𝑒𝑡(𝑡)𝑐𝑜𝑠𝜃

+
𝑦

𝐿
[𝑒𝑡(t) − 𝑒𝑏(t)]𝑐𝑜𝑠𝜃 + 𝑓(𝑦)

+ d(𝜃, y, t) + ds(𝜃, y, t) 
(4) 

where the terms dc(𝜃, y, t) and ds(𝜃, y, t) 
represent the elastic deformations of the 
cylinder and the piston skirt, respectively, due to 
the contact and hydrodynamic pressures. Using 
the force method in structural mechanics, the 
elastic deformations are expressed by: 

dc(𝜃, y, t) = ∬ CcΩc
(𝜃, y, ξ, η)pc (ξ, η, t)dξdη  (5a) 

ds(𝜃, y, t) = ∬ CsΩh
(𝜃, y, ξ, η) ph (ξ, η, t)dξdη  (5b) 

The coefficients 𝜑𝑥 , 𝜑𝑦 and 𝜑𝑠 are the flow 

factors used to take into account the influence of 
the surface waviness on partial hydrodynamic 
lubrication [13]. 
 
The piston-cylinder surfaces, in their finished 
state, are not perfectly smooth but exhibit 
inevitable geometric shape defects, mainly the 
second-order macroscopic waviness caused by 
machine and tool vibrations and the third-order 
microscopic roughness resulting from the 
movement of the cutting tools. The contact of the 
skirt asperities with the cylinder bore is 
modeled according to the Johnson contact model 
[15], which is based on the Hertz theory [26] of 
the elastic contact. The model describes a two-
dimensional blunt wedge (the skirt) indenting 
an elastic half-space plane (the cylinder).  
 
In this work, only the waviness profile is taken 
into account. The indentation effect of the 
roughness, whose amplitude is at least one order 
of magnitude smaller than that of the waviness, 
is neglected relative to the indentation effect of 
the waviness [11]. Furthermore, the waviness 
profile must have a smooth and continuous 
surface in order to satisfy the linear elasticity 
assumptions of the Johnson contact model. 
 
In the case of waviness only, the expressions of 
the flow factors are given in [11,27] by: 

𝜑𝑥 = 1 + (
Ω

ℎ
)

2

, 𝜑𝑦 = [1 − (
Ω

ℎ
)

2

]
2

, 𝜑𝑠 =
Ω

ℎ
 (6) 

The function 𝑓(𝑦) represents the axial profile of 
the piston skirt, which is barrel-shaped and 
described by a fourth-degree polynomial. The 

adopted profile shape generates a convergent–
divergent gap, thereby preventing excessive 
pressure in the lubricant film. 
 
2.2 The sliding friction of the contact asperities 

according to Bowden-Tabor model  
 
The sliding friction force due to contact asperities 
has been modeled in previous works using a 
Coulomb solid-to-solid friction model [11,16-22]. 
Figure 2 shows the Johnson contact model of the 
skirt asperity (2) indenting the cylinder surface (1) 
with a given wavy contact normal deformation 𝛿. 
The skirt surface is deformed normally under the 
action of the normal load Fc . When the piston 
moves axially, the cylinder surface is deformed by 
ploughing with a transverse section At, by the skirt 
asperity, and this occurs as long as a normal 
deformation exists under the action of the wavy 
contact load Fc. 
 

 
Fig. 2. Sliding friction of the wavy asperity contact. 

 
The sliding friction force Ffc is considered as the 
deformation force needed to plough the cylinder 
surface according to the Bowden-Tabor friction 
model. The friction force is obtained by the relation 

𝐹𝑓𝑐 = 𝜇𝑃𝐹𝑐 (7) 

where 𝜇𝑃 is the coefficient of ploughing friction, 
defined as the ratio between the straight transverse 
section At and the normal section An, given by: 

𝜇𝑃 =
𝐴𝑡

𝐴𝑛
=

2𝛿

𝜆
 

(8) 

The wavy contact normal load Fc due to solid-to-
solid contact between the skirt asperities and 
the cylinder bore is expressed by: 

𝐹𝑐 = ∬ 𝑃𝑐𝑅𝑐𝑜𝑠𝜃 𝑑𝜃𝑑𝑦
Ω𝑐

 (9) 

where 𝛺𝑐  is the wavy contact zone of the piston 
skirt-cylinder. 
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By using the model of the wavy contact asperity 
developed by Johnson [15], the wavy contact 
pressure Pc is the solution of the nonlinear 
equation for a given value of the wavy contact 
deformation δ during contact deformation [11]  

𝑃𝑐

𝐸̅
[−𝑘1 ln (

𝐹𝑐

𝐸̅

𝜆

4𝛺
) + 𝑘2 ] – 𝛿 = 0 (10) 

where 𝑘1 = 0.635 and 𝑘2 = 1.0556 are 
constants of numerical integration of the wavy 
contact variable 𝛿 [11,15].  
 
 As shown in Figure 2, the wavy contact 
deformation 𝛿 represents the sum of the normal 
displacement 𝑢𝑧1(𝑥) due to the distributive 
normal pressure p(x) over the interval 
(– 𝜆/2 ≤ 𝑥 ≤ 𝜆/2) in the straight transverse 
section of the cylinder, the skirt deformation of 
the asperity 𝑢𝑧2(𝑥) and the wedge profile 𝑧2(𝑥) 
of the asperity.  
 
Related to the mean thickness ℎ̅ and the profile 
𝑧2(𝑥), the wavy deformation is expressed by [28]: 

𝛿 = 𝑧2(𝑥) − ℎ̅ (𝑥, 𝑦), Ω > ℎ̅ (11) 

The total sliding contact friction force 𝐹𝑓𝑐 of all 

contact asperities in the domain 𝛺𝑐  of the skirt 
when the piston moves with an axial speed U, is 
given at crank angle step by: 

𝐹𝑓𝑐 = −
|𝑈|

𝑈
𝜇𝑝 ∬ 𝑃𝑐𝑅 𝑑𝜃𝑑𝑦

𝛺𝑐

 (12) 

When taking into account the cavitation, the 
hydrodynamic friction load 𝐹𝑓ℎ at a crank angle 

step is given by: 

𝐹𝑓ℎ = ∬ 𝜏ℎ  
ℎ∗

ℎ
 𝑅 𝑑𝜃𝑑𝑦

𝛺ℎ

 (13) 

 h∗ is the filling ratio and 𝜏ℎ is the shear stress in 
the lubricant fluid film, given by: 

𝜏ℎ = −
𝜇ℎ𝑈

ℎ
(𝜙ℎ + 𝜙𝑓𝑠) +

ℎ

2
𝜙𝑝

𝜕𝑝ℎ

𝜕𝑦
 (14) 

The total skirt friction force is the sum of the 
sliding contact friction 𝐹𝑓𝑐 and the 

hydrodynamic friction force 𝐹𝑓ℎ . 

 
The coefficients 𝜙ℎ , 𝜙𝑓𝑠 and 𝜙𝑝 represent the 

flow shear stress factors for roughness and 
waviness surfaces effects. The calculation of the 
coefficients for only the waviness effect is given 
in references [11] and [27]. 

2.3 Lost contact energy  
 
The total energy loss by friction 𝐸𝑓  produced in one 

engine cycle is the sum of the lost contact energy 𝐸𝑐  
due to contact friction and the lost hydrodynamic 
energy 𝐸ℎ  due to hydrodynamic friction: 

𝐸𝑓 = ∫ (|𝐹𝑓ℎ| + |𝐹𝑓𝑐|)𝑑𝑠
𝑐𝑦𝑐𝑙𝑒

 (15) 

where s is the axial displacement of the piston. 
The variable s is related to the crankshaft 
rotation 𝛽 by the following relationship: 

s(β) = r + L − rcosβ − L (1 −
r2

L2
sin2β)

0.5

 (16) 

When solving the piston lubrication problem, 
the crank angle 𝛽 of the crankshaft is discretized 
in a finite crank angle step Δ𝛽. Using equation 
(16), the axial displacement of the piston at each 
crank angle step Δ𝛽 is expressed by: 

𝑠(Δ𝛽) = 𝑟 + 𝐿 − 𝑟𝑐𝑜𝑠(Δ𝛽)

− 𝐿 (1 −
𝑟2

𝐿2
𝑠𝑖𝑛2(Δ𝛽))

0.5

  (17) 

 
2.4 Contact and hydrodynamic load  
 
The contact thrust load is given by equation (9), 
and the hydrodynamic thrust load is given by  

𝐹ℎ = ∬ 𝑝ℎ 𝑅𝑐𝑜𝑠𝜃 𝑑𝜃𝑑𝑦
Ωℎ

 (18) 

Where 𝑝ℎ  is the average hydrodynamic pressure 
given by the solution of the universal average 
Reynolds equation (3a). 
 
3. SOLVING METHOD 
 
The solution method is an iterative procedure in 
both time and space to solve the set of equations 
(1-3) over one engine cycle.  
 
For a fixed cycle, at each time step, the actual 
solution (et(t), eb(t)) is related to the solution at 
the two previous steps by using a backward finite 
difference scheme for the acceleration terms ët(t) 
and ëb(t). The cavitation is solved iteratively at 
each step crank angle by using the modified Murty 
algorithm [29,30]. The algorithm ensures the 
conservation of flow rate across the boundaries of 
the cavitation region. It is simple to implement and 
requires little computation time compared to 
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other methods, the most important of which is 
Elrod's method [31]. Three iterations are required 
at each time step to ensure that the cavitation 
region remains unchanged [25]. The cavitation 
zone is evaluated by computing the filling ratio 
h∗(i, j) at the points (i, j) of the finite difference 
grid of the lubricant film. At each iteration step of 
the cavitation loop, the nonlinear set of equations 
(1-3) is solved numerically using the Newton-
Raphson method. The solution needs 3 to 4 
iterations to converge, with a residual vector 
satisfying {R}<10−8. Thus, the full film thickness h 
is calculated using relation (4), where the 
deformations dc and ds are computed by 
equations (5a)-(5b) using the compliance matrix 
for the piston and the cylinder.  
 
Once the thickness film h(t) is obtained and the 
contact condition Ω > ℎ(𝑡)) is satisfied, the 
contact pressure Pc(h(t)) is calculated according 
to the wavelength 𝜆 and the amplitude Ω of the 
asperity by solving the nonlinear equation (10) 
using the Newton-Raphson method. In equation 
(10), for each film thickness, the equivalent contact 

condition for Ω > ℎ(𝑡) is introduced as 𝛿̅ =
Ω−ℎ

Ω
.  

 
The friction forces are determined by numerical 
integration of the Eq. (12)-(13). The maximum 
value of μPmax is obtained by substituting in 

equation (11) the wavy contact deformation 𝛿 
with its maximum value 𝛿𝑚𝑎𝑥 = 2Ω, together with 
𝑧2𝑚𝑎𝑥 ≤ 2Ω and ℎ̅ 𝑚𝑖𝑛(𝑥, 𝑦) = 0. Accordingly, the 
coefficient of ploughing friction given by equation 

(8) is bounded by its maximum value μPmax ≤
4Ω

λ
 . 

 
The total energy loss by contact and 
hydrodynamic friction is given by equation (15) 
and calculated numerically at the final 
converged engine cycle.  
 
A computer program implementing the adopted 
procedure is applied to a real piston-cylinder 
system of a V8 air-cooled diesel engine used in 
heavy trucks. 

 

3.1 Friction experimental method  
 
The coefficient of sliding friction of a solid-to-
solid contact is measured using a variable 
incidence tribometer [32-33]. The device shown 
in Figure 3 is designed to approximately 
reproduce the sliding friction model between 
the skirt asperity and the cylinder.  

 
(a) 

 
(b) 

Fig. 3. Measurement of the coefficient of sliding 
friction in a piston-cylinder system using a variable-
incidence tribometer, (a) simplified diagram of the 
measurement device (b) practical realization of the 
measurement device.  
 

The inclined plane (11), on which a rectangular 
plate (3), representing the cylinder, is lifted at a 
low uniform velocity using the worm screw (8) 
and triangle (1) mechanism. Based on Coulomb’s 
law, the measurement device allows the static and 
dynamic coefficients of friction to be determined 
by gradually increasing the angle of the inclined 
plane (3) until the piston (2) begins to move 
downwards with sliding friction. At the strict 
equilibrium position, the angle of the inclined 
plane reaches its maximum value 𝛼𝑠, from which 
the static coefficient of friction is determined by: 

𝜇𝑠 = tan𝛼𝑠 (19) 

When the piston starts moving downwards, the 
coefficient of sliding friction μd can be calculated 

by the following relation: 

μd = μs −
𝑣(𝑡)2 − 𝑣0

2

2x gcos(αs)
 (20) 

where 𝑣(𝑡) and 𝑣0 are the instantaneous and 
initial piston velocities, respectively. Instantaneous 

speed 𝑣(𝑡) =
𝑑𝑥

𝑑𝑡
 is obtained using the device of 

Figure 3b, which employs an horizontal light-slit 
sensor (4). The time interval dt is measured with a 
digital stopwatch (6), while dx is the differential 
length of the spot control screen (10).  
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4. RESULTS 
 
The combustion gas pressure 𝑃𝐺(𝑡) acting on the 
piston head during one engine cycle is plotted in Fig. 
4 as a function of the crank angle. The curve is 
obtained using specific thermodynamics and 
kinematic data of the actual F8L413 [25] diesel 
engine. The combustion gas load is calculated at 
each crank angle step using the relation 𝐹𝐺(𝑡) =
πR2𝑃𝐺(𝑡) and then substituted in equations (1)-(2). 
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Fig. 4. Combustion gas pressure 𝑃𝐺(𝑡) versus crank 
angle β. 
 

4.1 Contact simulation 
 

When simulating the piston-cylinder contact, it is 
necessary to determine the minimum amplitude of 
the asperity at which contact occurs and at which 
the piston begins to operate in the mixed 
lubrication regime. To obtain this result, 
hydrodynamic lubrication is simulated without 
considering asperity contact, i.e., with Ω = 0, for 
successive engine speeds as shown in Fig. 5. The 
simulation is stopped when the minimum film 
thickness exceeds the physical value Ωmax =
 10 μm, which represents the waviness amplitude 
of the finished surface after the break-in process 
[20]. The corresponding minimum values ℎ𝑚𝑖𝑛 of 
the minimum film thickness curves for each engine 
speed are listed in Table 1.  
 

The results show that the minimum thickness 
satisfying the condition h <  10 μm is obtained 
for the engine speed, V=1000 rpm, where hmin =
9.736 μm. Thus, for engine speeds below 1000 
rpm, the piston can operate in the mixed 
lubrication regime when the surface waviness 
amplitude is greater than the corresponding 
minimum film thickness obtained without 

considering asperity contact. Thus, the 
presented method allows us to ensure the 
contact according to the amplitude of the 
asperities and the engine speed.  
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Fig. 5. Variation of the minimum film thickness for 
different engine speeds, considering the case without 
piston-cylinder contact. 
 
Table 1. Conditions of asperity contact for different 
engine speeds. 

V (rpm) ℎ𝑚𝑖𝑛 (𝜇𝑚) 𝛽 (°) Asperity contact 

2000 14.587 480 No possible physical 
contact 1500 13.843 395 

1000 9.736 395 Contact for Ω > 9.736 𝜇𝑚 

800 7.887 395 Contact for Ω > 7.887𝜇𝑚 

600 5.877 395 Contact for Ω > 5.877 𝜇𝑚 

 

Figure 6 shows the minimum film thickness for 
the cases with contact and without asperity 
contact for an engine speed of V=1000 rpm. An 
amplitude value of Ω =  12μm is chosen to 
simulate the contact. 
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Fig. 6. Comparison of the film thickness with and 
without contact for an asperity amplitude of Ω =
12 μm and engine speed of V=1000 rpm. 
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The results show that, when contact is 
considered, the minimum film thickness keeps 
a constant value of 12 m over a short crank 
angle range [385°, 420°]. This interval 
corresponds to the region obtained from the 
intersection between the contact line and the 
film-thickness curve without contact, as shown 
in Figure 6. This result demonstrates the 
consistency—and therefore the validity—of 
the method used. 

 
4.2 Effect of the skirt elasticity and the 

cavitation on waviness contact 
 

In the asperity contact model described in 
section 2.2, the asperities of the piston skirt 
surface are assumed to be rigid and to 
elastically deform the cylinder, which is 
considered elastic according to the elastic half-
space contact model. The problem is whether 
the piston skirt should be considered elastic or 
rigid in order to determine the effect of skirt 
elasticity on asperity contact. 
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Fig. 7. Effect of skirt elasticity on the minimum film 
thickness with and without asperity contact for Ω =
12 𝜇𝑚.  

 
Figure 7 shows the effect of skirt elasticity on 
the minimum film thickness when asperity 
contact is taken into account, for an engine 
speed of V=1000 rpm. The minimum film 
thickness, in the case of an elastic skirt, is 
9.736 μm and occurs ATDC at a crank angle of 
395°, over the short crank angle range [385°, 
420°]. In the case of the rigid skirt, the lowest 
value of the minimum film thickness is 7.65 μm 

and occurs at the end of the power stroke at 
550° CA over a large crank angle range [445°, 
560°]. The result obtained when considering 
skirt elasticity is consistent with several 
studies [16,17,20–22], whereas the result for a 
rigid skirt deviates from the established 
findings in the piston literature. This shows 
the importance of taking the skirt elasticity 
into account to avoid results that do not 
correspond to the real behavior of the piston 
in mixed lubrication. 
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Fig. 8. Effect of the cavitation on the minimum film 
thickness with contact asperities and elastic skirt for 
amplitude Ω = 12 𝜇𝑚.  

 
Figure 8 shows the effect of cavitation on the 
minimum film thickness, considering asperity 
contact with an amplitude of Ω=12 μm. The 
results show that the contact crank angle 
range [395°, 405°] in the case of both 
cavitation and asperity contact corresponds to 
that of the minimum film thickness, whereas 
when cavitation is not considered, the interval 
is very reduced [420°, 425°] and is not in 
concordance with the minimum film thickness 
region in the case of asperity contact. This 
result shows the necessity of accounting for 
cavitation to ensure the consistency of the 
results. The effect of cavitation becomes even 
more pronounced when the skirt is considered 
rigid, as the difference between the two 
minimum film thicknesses-for cavitation and 
without cavitation when asperity contact is 
considered-increases significantly, as shown in 
figure 9.  
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Fig. 9. Effect of cavitation on the minimum film 
thickness considering rigid skirt, with and without 
asperity contact for Ω = 12 𝜇𝑚  

 

4.3 Effect of the waviness contact on the 
tribological characteristics  
 

To study the effect of the waviness surface of the 
skirt on the tribological characteristics (minimum 
film thickness, maximum pressure, and friction), 
three waviness amplitudes are chosen: Ω1 =
 12 μm, Ω2 =  14 μm, and Ω3 =  16 μm. The 
amplitudes were obtained using the contact 
simulation method described in section 4.1. In a 
first step, the amplitude is determined using Table 
1 to identify the minimum value at which contact 
occurs for a fixed engine speed, and in a second 
step by incrementing the amplitudes by ΔΩ=2μm. 
The value of ΔΩ is chosen to ensure that the 
variation of the film thickness without contact 
gives a significant difference between the 
successive crank angle contact ranges.  
 
The results presented in Figure 10 show that the 
minimum film thickness increases with increasing 
asperity amplitude. The results indicate also that 
the crank angle contact range becomes wider as 
the amplitude increases from Ω1 to Ω3 occurring 
respectively within the ranges [385°, 420°], [350°, 
420°], and [340°, 430°]. 
 

Figure 11 displays the maximum contact 
pressure and the maximum hydrodynamic 
pressure for the different amplitudes Ω1, Ω2 and 
Ω3. The maximum contact pressure and the 
maximum hydrodynamic pressure are obtained 
at each crank angle step from the distributed 

contact pressure 𝑃𝑐  (𝑥, 𝑦) and the hydrodynamic 
pressure 𝑝ℎ(𝑥, 𝑦) at each grid point of the 
lubrication domain Ωℎ . The maximum values are 
highlighted in the different curves of Figure 11.  
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Fig. 10. Effect of the waviness surface of the skirt on the 
minimum film thickness for an engine speed of 1000 rpm. 
 

The results show that the magnitude of the contact 
pressure is significantly higher than the 
hydrodynamic pressure, with a difference of about 
2-3 MPa. The maximum values of the contact and 
hydrodynamic pressure, as well as the minimum 
film thickness, occur just after the top dead center 
at the power stroke. When the amplitude is the 
higher, Ω3 =  16 μm, the contact crank angle range 
widens further and begins even before the 
combustion gases ignite, as shown in Figure 11c.  
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Fig. 11. Effect of the waviness surface of the skirt on 
the contact and hydrodynamic pressures (a) Ω1 =
 12 μm, (b) Ω2 =  14 μm, (c) Ω3 =  16 μm and (d) 
distribution of the maximum contact pressure at a 
crank angle 𝛽 = 405° at V=1000 rpm. 

When the amplitude of the asperity increases, the 
contact crank angle range expands from 
[395°, 405°] to [345°, 420]. However, when the 
amplitude is smallest, the maximum contact 
pressure is higher, whereas for Ω2 and Ω3 it 
becomes nearly constant, with values of 4.659 MPa 
and 4.775 MPa, respectively. Figure 11d shows the 
distribution of the maximum contact pressure at a 
405° crank angle, which takes place at the bottom 
of the skirt, for the smallest amplitude, Ω1 =
 12 μm. The obtained result is similar to that 
obtained by Sun et al. [18]. 
 

The corresponding eccentricities are obtained 
for each asperity amplitude and plotted in 
Figures 12a and 12b. The results show that as 
the waviness amplitude increases, the bottom 
eccentricity decreases and the top eccentricity 
increases, resulting in a reduced amplitude of 
the secondary movement. 
 

Figure 12a shows that contact occurs at the bottom 
of the skirt toward the major thrust side during the 
power stroke, while the top of the piston moves 
toward the anti-thrust side. This configuration 
corresponds to mode 1, in accordance with the four 
possible contact modes of piston-cylinder described 
in [14]. The specific values of the secondary 
movement and the tribological characteristics are 
given in Table 2. The position Ω̅𝑖  of the contact line 
(on the y-axis of Figures 12a and 12b) is evaluated 
according to the relation Ω̅𝑖 = 𝑟 − 𝑒𝑖𝑚𝑖𝑛 , 𝑖 = 1,3, 
where 𝑟 is the radial clearance (taken as negative 
for the case of thrust side direction and positive for 
the case of anti-thrust side), 𝑒𝑖 is the minimum or 
maximum eccentricity after contact deformation. 
The index i refers to the amplitude number. 
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Fig. 12. Effect of the skirt surface waviness on (a) the 
bottom eccentricity and (b) the top eccentricity at 
V=1000 rpm. 
 

Table 2. Specific values of the secondary movement and the 
tribological characteristics according to the skirt surface 
waviness, where [𝑒𝑏𝑚𝑖𝑛, 𝑒𝑡𝑚𝑎𝑥(𝑒𝑖𝑚𝑖𝑛)]= [minimum 
bottom eccentricity, maximum top eccentricity] and 
[𝑃𝑐𝑚𝑎𝑥 , 𝑃ℎ𝑚𝑎𝑥]= [maximum contact pressure, 
maximum hydrodynamic pressure]. 

Ω [𝜇𝑚] 
𝑒𝑏𝑚𝑖𝑛, [μm], 

β [°] 
𝑒𝑡𝑚𝑎𝑥 [μm], 

β [°] 
𝑃𝑐𝑚𝑎𝑥 [𝑀𝑃𝑎], 

β [°] 

𝑃ℎ𝑚𝑎𝑥[𝑀𝑃𝑎], 

β [°] 

Without 
contact 

-23.47, 
375 

21.39, 
395 

0 3.63, 395 

Ω = 12  
−22.75, 

375 
20.51, 

385 
6.174, 

[395, 405] 
2.925, 385 

Ω = 14 
-22.53, 

375 
19.42 , 

380 
4.659, 

[385, 415] 
2.785, 385 

Ω = 16 
-19.23, 

365 
18.25, 

380 
4.776, 

[345, 420] 
2.553, 385 

 

4.4 Effect of the waviness on the thrust loads  
 

The effect of waviness asperity contact on the 
carrying (thrust) loads, which result from 
asperity contact in the mixed lubrication zone 
and from hydrodynamic lubrication, is shown in 
Figure 13. The maximum values are highlighted 
for the different amplitudes on the curves of 
asperity contact load, hydrodynamic load, and 
total carrying load in Figures 13a–13c. 
 

The hydrodynamic loads are much higher 
compared to the contact loads, whereas, 
conversely, the contact pressures are much 
higher than the hydrodynamic pressures, as 
shown in Figure 11.  
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Fig. 13. Effect of the waviness surface of the skirt on 
the contact and hydrodynamic carrying loads (a) 
Ω1 =  12 μm, (b) Ω2 =  14 μm, and Ω3 =  16 μm at 
V=1000 rpm. 

 
This result is explained by the fact that the 
contact surface is very small compared to the 
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much larger lubricated surface  Ωℎ of the skirt. 
The results show that the hydrodynamic load 
reaches its maximum value of -10266.52 N just 
after the top dead center, at 395° during the 
power stroke, with a negative value toward 
the thrust side. This result is consistent with 
the piston configuration at 395°, as indicated 
by the curve of eccentricities in Figure 12, 
where the piston is displaced towards the anti-
thrust side. This displacement causes the 
lubricating film to generate a carrying load 
acting in the opposite direction, toward the 
thrust side. 
 
The results in Figure 13 also show that the 
hydrodynamic load reaches its maximum 
absolute values after bottom dead center or 
top dead center at each mid-stroke. This is due 
to the fact that, at these points, the 
hydrodynamic pressure is at its maximum 
value, as shown in Figures 11a-11c. This result 
is similar to that obtained by Zhu et al. [11,12]. 
The results further show that when the 
amplitude of the asperity increases, the 
hydrodynamic load decreases from -10266.52 
N to -9763.68 N and the contact load increases 
from -918.08 N to -1701.22 N.  
 

4.5 Effect of waviness on the sliding contact 
friction  

 
Figure 14 shows the effect of the wavy 
asperities on the sliding contact friction 
according to the Bowden-Tabor model and the 
comparison with the hydrodynamic friction 
generated in the lubricant oil film.  
 
The coefficient of contact friction 𝜇𝑃 is 
calculated according to relation (8) with the 

mean maximum value μ̅Pmax =
2Ω

λ
 obtained for 

𝛿𝑖̅ 𝑚𝑎𝑥 = Ωi, i=1,3, where the index i refers to 
the amplitude number. The experimental value 
of the coefficient of sliding friction of the 
piston-cylinder is obtained by the variable 
incidence tribometer presented in section 3. 
Three skirt pistons are used with surface 
waviness of approximate amplitudes Ω1, 
Ω2, and Ω3. The corresponding values of the 
coefficients of sliding friction are 0.12, 0.22, 
and 0.30, respectively.  
 
The designation of the four piston strokes is 
highlighted in Figure 14a to verify the 

consistency between the opposing directions 
of the friction load and the piston 
displacement. The contact friction occurs just 
after the TDC for the lower amplitudes of 
12 μm and 14 μm and, it acts over a wide crank 
angle range before and after the TDC of the 
power stroke for the higher amplitude of 
16 μm as shown in figure 14c. The location of 
the contact interval is consistent with that of 
the contact pressure presented in Figure 11c. 
The result is similar to that obtained by Liu et 
al. [21]. The results show mainly that the 
coefficient of the sliding friction is not 
constant but varies with the asperity 
amplitude, increasing from μP = 0.096 to 

0.128 as the amplitude increases from 12 to 16 
μm. The results show that the sliding contact 
friction and the energy loss increase as the 
amplitude of the asperity increases.  
 
The lowest values corresponding to the 
amplitude Ω = 12 μm are -918.08 N and 0.054 
J for the sliding friction and the energy loss, 
while the hydrodynamic load friction and the 
corresponding energy loss are not affected by 
the asperity amplitude. Therefore, reducing 
the energy loss due to sliding contact can be 
achieved by decreasing the asperity amplitude 
at a fixed engine speed. Thus, for a given 
engine speed in mixed lubrication, the 
reduction of contact energy loss is obtained in 
a similar manner by using section 4.1 to 
identify the minimum contact amplitude and 
section 4.5 to evaluate the energy loss due to 
sliding contact friction. 
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Fig. 14. Effect of the waviness surface of the skirt on 
the sliding contact and hydrodynamic friction with 
the corresponding contact range (a) Ω1 =  12 μm, 
[395, 405°] (b) Ω2 =  14 μm, [385,415°] and Ω3 =
 16 μm, [345,425] at V=1000 rpm. 

 
Table 3. Frictional energy loss (total lost enery Ef , 
energy loss by contact Ec and the hydrodynamic 
energy loss Eh) for fixed amplitude of asperities.  

Ω (μm) 𝐸𝑐 (J) 𝐸ℎ (J) 𝐸𝑓 (J) 𝐸𝑐
𝐸𝑓

⁄ (%) 

12 0.054 0.1588 0.212 25.47 

14 0.555 0.1586 0.713 77.84 

16 1.126 0.1586 1.284 87.69 

 

5. CONCLUSION  
 
This study is a part of a research effort on engine 
design aimed at reducing energy losses due to 
friction in the piston-cylinder system. A 
numerical model of a real piston-cylinder of a 
heavy truck in mixed lubrication was developed 
to determine the effect of lubrication 
performance and wavy asperity contact on the 
tribological characteristics, mainly on asperity 
sliding friction. The following results were: 

- The mixed lubrication analysis shows the 
necessity of considering the elasticity of 
both the skirt and the cylinder to accurately 
solve the solid-to-solid asperity contact 
model, as well as the need to account for 
cavitation to ensure the consistency of the 
results. 

- The waviness profile of the skirt surface has 
a significant effect on the tribological 
characteristics. The results show that all the 
tribological characteristics-contact 
pressure, sliding friction load, energy loss, 
and the coefficient of friction-increase with 
the asperity amplitude increases. 

- Contact pressure and sliding contact 
friction act over a short interval with 
amplitudes higher than those of 
hydrodynamic friction. The contact interval 
extends as the asperity amplitude increases. 
When the amplitude increases from 12 to 
16 μm, the coefficient of sliding friction 
increases from μP = 0.096 to 0.128 and the 
contact energy loss over one engine cycle 
increases from 0.054 J to 1.126 J, 
representing 25% to 78% of the total 
energy loss, respectively. 

- The hydrodynamic friction load and the 
corresponding energy loss are not affected 
by the asperity amplitude. Therefore, 
reducing the energy loss due to sliding 
contact friction in mixed lubrication can be 
achieved by minimizing the amplitude of 
the asperity contact at a fixed engine speed.  
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